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I. INTRODUCTION 
Consider the stochastic differential equation 
h(t) - du(t) dt = qt, co) h(t) (1.1) 
and the associated nonstochastic equation 
du(t)/dt - &l&(t) = 0 (1.2) 
on a Hilbert space H where & is a closed, linear, nonstochastic operator on 
H, @(t, W) is a certain transformation-valued stochastic process and w(t, W) 
is a Hilbert space valued Wiener process. If  .&’ is the generator of a strongly 
continuous semigroup {Y(t), t > 0} or more generally, if & is time dependent 
and generates an evolution operator {@(t, s); 0 < s < t>, then the existence 
and uniqueness of solutions of (1.1) has been fully investigated in Curtain 
and Falb [4]. The present paper is concerned with the existence of solutions 
of (1.1) when & does not generate a semigroup, but instead satisfies a growth 
condition of the form 1 X / 11 R(h)11 < p(I h I), where R(A) = (A - &)-‘, the 
resolvent of &‘, and P( / A I) is a polynomial in / h I and A ranges over an angular 
sector of the complex plane. This condition arises naturally from the applica- 
tion of (1.2) to parabolic partial differential equations of higher order in 
cylindrical domains by introducing the t-derivatives as new unknowns. 
Lagnese has investigated the deterministic version (1.2) under these conditions 
in [1] and as this paper relies heavily on his work, a summary of the relevant 
results is given in Section 2. The necessary definitions and results on Hilbert 
space valued Wiener processes and stochastic integrals are given in Section 3, 
and after the main theorem is proved in Section 4 an example of the type of 
application follows in Section 5. 
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2. ABSTRACT EQUATION-RESULTS FROM LAGNESE' 
Let H be a separable Hilbert space, & a linear operator in H with domain 
B(d) and resolvent R(h) = (X - .&)-l, S a closed subspace of H and R,(X) 
the restriction of R(h) to S and let ,Y be a fixed closed sector of the complex 
plane : 
Z = {A: j arg X 1 < n/2 + 0, , 0 < 0s < n/2}. 
We assume: 
A.I. & is a closed, linear operator with resolvent set containing .Z 
and satisfying 
I x I II W)ll < P(l A I) 
for h E Z where p(/ h I) is a polynomial in 1 X / of degree I - 1 2 0. 
A.2. CB(&“) n S is dense in S and / A I II R,(h)11 < M for h E 2 and some 
constant M independent of h. 
We define the family (F(t); t > 0} of b ounded linear operators on H by 
F(t) x = & lr eAtR(h) x dA for t > 0, x E H, (2-l) 
where I’ is any smooth contour running in Z - (0) from cOe-i(n’:r+s) to 
cck?i(~~z+~‘, 0 < I9 < 8,. 
Then if .B? satisfies A.1 and A.2 we need the following properties of Y(t) 
in the sequel. 
P.l. 9-(t) 9-(s) = 9-(t + s), s, t > 0. 
P.2. F(t) x is infinitely differentiable for t > 0, x E H, F(t) x E 23(&‘“) 
and Ftn)(t) x = .,@F(t) x for x E H, n = 0, 1, 2. 
P.3. Y(t) dkx = J&F(~) x for all x E~(.J@). 
P.4. F(t) is strongly continuous in t as t + 0 on the subset L of H 
where L = linear span of {By: y  E S + ~B(G?‘~) and B E P’(H) permutes with 
d}. (Note that B permuting with &’ implies that B commutes with F(t).) 
The following fundamental result of Lagnese is used in the sequel. 
THEOREM 1. If .d is a linear closed operator on a Hilbert space H and 
1 Lagnese’s results hold in any Banach space, but here we are only concerned with 
separable Hilbert spaces. 
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satisfies A. 1 and A.2, and f (t) is an S-valued H6lder continuous function on T, 
then for any uO E H, the abstract equation 
du(t)/dt - &u(t) = f(t), u(TJ=uo, 
has the unique solution 
u(t) = F(t - TJ u. + jt F(t - s)f(s) ds. 
T1 
3. WIENER PROCESSES AND STOCHASTIC INTEGRALS 
Let (Q, 9, CL) be a probability space with 9 as Bore1 field and p as a com- 
plete measure. Then assuming some familiarity with the theory of Banach 
space valued random variables (see for example [7] or [4]), we make some 
definitions. 
D.I. Let w(t) be an H-valued random process on T = [Tl , Tz]. Then 
W(t) is a Wiener process if 
(i) E{w(t) - w(s)} = 0 for all s, t in T; 
(ii) w(t) is continuous in t with probability one (i.e., w.p.1.); 
(iii) E{(w(t) - w(s)) 0 (w(t) - w(s))} = (t - s) ~.@“(a) for all s, t in T 
where YK is a compact, positive trace class operator mapping H into itself; 
(iv) E(jI w(t) - zu(s)1j2} < co for all s, t in T; and 
(v) w(t2) - w(tJ and w(s2) - w(sr) are independent for sr , s2 , t, , 
t, in T such that sr < sa < t, < t, . 
Remarks. From the properties (iii) of YV we note that it has countably 
many eigenvalues {hi} with Ai > 0 and trace %Q” = Cizo Xi and that there 
exists a complete orthonormal basis {ei} for H such that lwk, = Aie, . 
It can be shown that w(t) of D.l has the unique representation 
zu(t) = f  pi(t) ei almost everywhere in (t, w), 
i=O 
(3.1) 
where Re&(t)} and Im{Bi(t)} are real Wiener processes. In order to define 
a stochastic integral we need the further definitions. 
2 If  h, , h, EH, then h, 0 h, E JZ’(H,H) is defined by (h, 0 h,)h = h,(h, ,h,) for 
all h E H. 
409/46/1-7 
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D.2. Let {gt, t E T) be a family of 6-algebras such that 
(i) flS C St C B for s < t; 
(iii) w(t) is measurable relative to Fi for all t in T; 
(iii) w(t) - w(s) is independent of Fs for s < t; and 
(iv) (w(t) - W(S)) o (w(t) - w(s)) is independent of FS for s < t. 
D.3. Let K be a Hilbert space and define 
&(H, K) = 
1 
@(., .): @ is an 9’(H, K)-valued stochastic process on 
T x Q such that Q(t) is measurable relative to St for all 
t in T and 
1 
E 11 @(t)(/2 dt < co .3 
T t 
Then for Cp E A(H, K), the K-valued stochastic integral Jr @(t, w) dzu(t, w) 
can be defined (see [3]). The following properties of the stochastic integral 
are used in the sequel. (Proofs may be found in [4].) 
LEMMA 1. If @ E A(H, K), then 
/I jT @p(t) dw(t) II2 < trace W jr // @(t)ll” dt. 
LEMMA 2. If  CD E Ji(H, K), then 
s, CD(t) dw(t) = 5 j Q(t) e< d/?,(t) w.p.1. 
i=o T 
LEMMA 3. If@(t) ei E A(K, C)jor all i and ST (I Q(t) ei (I2 dt < 01 uniformly 
in i, then Cyz,, ST O(t) ei dp,(t) exists and defines ST @(t) dw(t) with 
11 ST Q(t) dw(t)ljz < 01 trace WI 
LEMMA 4. If  Y( ., .): T x T x Q - A(H, K) and Y is measurable in the 
product measure on T x T x 52 and Y(t, .), Y(., t) are measurable relative to 
Fi for all t in T and sjTxT E{lI Y f} ds dt < co, then 
%W = jT ( jT VT t) ds) Wt) and u&4 = jT ( jT w* 4 d4t)) ds 
are well deJined K-valued random variables and are equal w.p.1. 
3 We note that the definition may be extended to include di satisfying the weaker 
condition s~ jl @(t)l/’ dt < ~3 w.p.1. 
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LEMMA 5. If  S? is a closed, linear operator on a Hilbert space K and 
@(t) ei ~9(.&) n &(K, C) and ST 11 Q(t) ei ]I2 dt < afor all i, then 
4. EXISTENCE AND UNIQUENESS THEOREM 
I f  H, K are Hilbert spaces, sl a closed, linear operator on K, 
@( .) E A(H, K), w( .) an H-valued Wiener process and u,, a K-valued random 
variable, then (I. 1) is a shorthand notation for the integral equation 
u(t) - u. = j:, &u(s) ds + J’:, Q(s) dw(s). (4.1) 
D.4. A solution to (4.1) is a K-valued random process u(t) such that 
u(t) satisfies (4.1) w.p.1. on T, is measurable relative to 9b for t in T and is 
continuous w.p.1. in t on T. 
D.5. Two solutions ui(t) and u2(t) of (4.1) are considered identical if 
they are uniformly stochastically equivalent 
(i.e., ~(w: wp 11 ul(t) - u2(t)li = 01 = 1). 
THEOREM 2. Consider (4.1) under the following hypotheses: 
H.l. w(t) is an H-valued Wiener process with representation (3.1) and 
associated eigenvalues {Ai) and operator % 
H.2. SJ is a closed, linear operator on H satisfying A.1 and A.2 and 
generates the family (F(t); t > O> of bounded linear operators of (2.1). 
H.3. @(.) EJ&‘(H, K) with Q(t) ei Ed w.p.1. for all t in T and 
sup 
I 
/I J@@(S) ei iI2 ds < /3, 
i T  
j = 1 to 1 (B is some constant independent of i). 
Then under hypotheses H.l, H.2 and H.3, (4.1) has the solution 
u(t) = 9-(t - TJ u,, + s:,F(t - s) @i(s) dw(s), 
which is unique up to a uniform stochastic equivalence. 
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Proof. From the linearity of (4.1) and the result of Lagnese stated as 
Theorem 1 in this paper, it is only necessary to show that in the case us = 0 
w.p.l., 
q(t) = j*I qt - s) Q(s) dw(s) 
is a solution. First, the existence of q(t) and its continuity is established. 
Since Q(s) ei ~9(&~) CL for all i, and {Y(t)> is uniformly bounded in 
norm on L (by P.2 and P.4), 
(4.2) 
for all i and some positive constant C. 
So by D.3 q(t) is a well defined stochastic integral. 
Further, q(t) EB(#) CL under H.3, since Y(t - s) Q(s) ei Ed by 
P.2 and 
and 
.dzF(t - s) Q(s) ei = F(t - s) #Q(s) ei by P.3 
s 
j; .Y(t - s) doll@(s) ei /!2 ds < C2 
I 
/) J@@(S) ei \I2 ds by H.3. 
T  
< c2a 
So Lemma 1 applies and q(t) Ed. To prve the continuity of q(t), one 
can readily verify that 
q(t + St) - q(t) = (F(St) - 4) ~(t + St) + jtt+‘t .F-(t - s) Q(s) dw(s), 
where 
p(r) = j;l F(t - s) cl’(s) dw(s) 
taking t to be fixed. So for q(t), p(r) E B(M) CL and so 
(LqSt) - X)p(t + St) - 0 
as St + 0 by P.4 (4.2), and Lemma 3 validates letting St -+ 0 in the second 
term. The following preliminaries are needed to establish that q(t) satisfies 
(4.1) w.p.1. 
jT; &q(s) ds = & IT; q(s) ds w.p.1. (4.3) 
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This follows since d is a closed linear operator, q(s) E~(AzZ) and q(s), &q(s) 
are both integrable on T. The integrability of &q(s) following from 
< C2/3 trace ?fP” 
by Lemma 3 and H.3. 
,:1 (j;l cT(s - Y) Q(Y) dw(r)) ds = j+: (s,.” .F(s - r) ds) D(r) dw(r). (4.4) 
Now 
IT1 (J‘I, T(s - Y) Q(Y) ei d/$(r)) ds = 1: Irt Y(s - r) d@(r) ei dpi(r), 
1 
for all i by Lemma 4 since 5(.) is uniformly bounded on L, and 
iI/: 
1 
(1’ S(s - Y) Q(Y) ei dfii(r)) ds /I2 < Ai ~r,,[~~ F(s - Y) Q(Y) ei jj2 dr ds 
Tl 
so 
< AC2T 
s 
11 @(r)112 dr by Lemma 1. 
T  
(4.5) 
f /I J” t JS Y(s - Y) Q(Y) ei dpi(r) ds Ii2 < trace -darC2T S, I/ @ II2 dY 
i=o Tl Tl 
so invoking Lemma 2 and the usual uniform convergence argument for 
integrals, (4.4) is established. 
Finally, consider 
jTl dd4 ds =d s:, 4s) ds by (4.3) 
= at’ j; j; F(s - Y) G(r) dw(r) ds 
1 1 
= d jTt j; Y(s - Y) d@(r) dw(r) 
1 1 
bY (4.4) 
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by Lemma 2 
using similar arguments to before and Lemma 5 
= L S:, (r7(t - Y> - 4 Q(r) ei #i(r) 
= 4(t) - jr1 W dwW 
since Q(r) et EL 
by Lemma 2. 
So q(t) satisfies (4.1) w.p.1. and the proof is completed. 
COROLLARY. Consider the equation 
u(t) - u. = j;l d44 ds + jT;f(s, ds + jil W W4 (4.6) 
under the same conditions as the main theorem and assume f  (s) is an S-valued 
Holder continuous function on T, then (4.6) has the solution 
u(t) = F(t - Tl) u,, + r:, Y(t - s)f(s) ds + s:, .F(t - s) Q(s) dw(s), 
which is unique up to a uniform stochastic equivalence. 
Proof. This follows from Theorem 1 and the linearity of (4.6). 
5. APPLICATIONS 
The following application is based on the deterministic class of partial 
differential equations studied by Lagnese in [l]. Let Q be a bounded domain 
in R” and r the cylinder set {(x, t): x E 52, Tl < t < T,} and use the standard 
notation Dt = a/at, Di = i3/axi , Daa = D”,1D”,z ... D> for the multiinteger 
a = (a1 ,..., a,), ~~~30 and 1~11 =cx+cY~+...+N,. Define the differ- 
ential operator 
Q(x; Dx, Dt) = i Al-,(x; Dx) D,j, 
j=O 
(5.1) 
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where Ai(x; Dx) is a differential operator in x with variable complex-valued 
coefficients defined in R, A, is a nonzero constant. I f  sj is the order of A,, 
then take that sr = 2m, sj < 2mj/l, j = 1,2,..., I - 1 for some integer 
m 2 1 and 2m/l = d, an even integer. Define the boundary conditions in 
items of the differential boundary operators Bj of order mj < 2m - 1 given by 
Bj(.x; Dx) = c b,j(x) Dza. (5.2) 
b/enj 
Then the following defines a class of parabolic boundary valued problems 
of lth order in a cylindrical domain r 
Q(x; Dx, Dt) u(x, t) =f(x, t) in r, 
B,(x; Dx) u(x, t) = 0 on ar, j = 1, 2 ,..., m, (5.3) 
D&(x, TJ =gj(x) in Sz, j = O,..., (I - I), 
where {gj}jii, and f  are given functions. 
(5.3) may be reduced to the abstract form 
DtU-a?‘lJ=F, VT,) = G, (5.4) 
by introducing new unknown U = (u,, , ur ,..., ur-i) where uj = D,ju, 
0 <j < 1 - 1 and letting F = (0,O ,..., O,f), G = (go , g, ,..., g,-,) and 
defining & by 
dU = 
f 
u1 ) IL2 )...) - y A,&) . 
j=O 
(5.4) is considered on a Hilbert space 
H = H2m-d(Q) x Hzm&Q) x ... x Ho(Q) (1 factors), 
where H,(Q) is the Hilbert space consisting ofL,(Q) functions whose distribu- 
tional derivatives of order <j belong to L,(Q). Then 
9(,4) = H,,,(Q; {Bj}) x H,,-,(Q) x ... x H,(Q), 
where 
Hzm(Q; {B,}) = {u E Pm(n) with Bju = 0, 1 < j < m> 
(closure in Hz,(Q)), and 
z-2 
(go 9 g1 ?...Y gz-d E kFo fLP; VU) x L(Q). 
Under suitable technical conditions on the coefficients in (5.1) and (5.2), 
Lagnese shows that & satisfies the assumptions A.1 and A.2 relative to the 
subspace S consisting of vectors of the form (0, O,..., o,f),f~L,(Q) = H,(Q). 
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For the stochastic version of (5.3), the stochastic differential 
D(t) dw(t) 
c i 
= C G(t) e, dpi(t) 
1 
replaces f(~, t) and so it makes physical sense to require @i(t) ei E S for all 
t E T and all i and 
uniformly in i. There is no loss of generality in taking w(t) to be an S-valued 
Wiener process and @(.) E.A’(S, S) (i.e., this is equivalent to an L,(Q) valued 
Wiener process and @( .) EA(L,(Q), L,(Q)). 
Let {e,} be the eigenvectors of w(t) in H and {e,‘} the eigenvectors in La(Q), 
i.e., ei = (0 ,..., 0, e,‘) and let @(t) ei = (O,..., 0, Qo(t) e,‘). The conditions on 
a(.) imposed by the theorem are (5.5) @(t) ei Ed w.p.1. and (5.6) 
sup 
J  ^
/I &D(s) ei 11; ds < ,8, j = I, I, w.p.1. 
i T 
Translating these conditions in H to conditions in L,(Q), (5.5) becomes 
Qo(t) ei’ E H&Q, {Bj}), and although (5.6) . IS analytically complicated, it 
essentially means that terms like 
are independent of i. For example this is satisfied if @(t) where the identity 
and {ei’} infinitely differentiable elements of&(Q). 
To clarify the notions of this stochastic partial differential equation, the 
following loose statement of the stochastic version of (5.3) is given 
i ALej(x; D,) D&(x, t) = @(x, t, 0) ti(x, t, co) in r, 
j=O 
Bj(x; I&) u(x, t) = 0 on X, j = I,..., 112, 
&4x, Tl) =&) in Q, j=O, Z-l. 
where Arej are differential operators in X, Bj are differential boundary opera- 
tors, gj satisfy the Bj boundary conditions for j = O,..., 1 - 2 and w(t) is an 
L,(Q)-valued Wiener process with eigenvalues {ei’} and @(x, t, w) ei’ satisfies 
the Bj boundary conditions and is suitably smooth in x and t. Then provided 
the coefficients in (5.7) are suitably wellbehaved, (5.7) has a solution U(X, t, w) 
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which is an L,(Q)-valued stochastic process which is continuous in t w.p.1 
and is unique up to a stochastic equivalence. 
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